This paper investigates a class of singular difference equations. Using the framework of the theory of singular difference equations and cone-valued Lyapunov functions, some necessary and sufficient conditions on the φ 0 -stability of a trivial solution of singular difference equations are obtained. Finally, an example is provided to illustrate our results. MSC: 39A11
Introduction
The singular difference equations (SDEs), which appear in the Leontiev dynamic model of multisector economy, the Leslie population growth model, singular discrete optimal control problems and so forth, have gained more and more importance in mathematical models of practical areas (see [] and references cited therein). Anh and Loi [, ] studied the solvability of initial-value problems as well as boundary-value problems for SDEs.
It is well known that stability is one of the basic problems in various dynamical systems. Many results on the stability theory of difference equations are presented, for example, by Agarwal [] obtained some necessary and sufficient conditions for the stability properties of SDEs by employing Lyapunov functions. The comparison method, which combines Lyapunov functions and inequalities, is an effective way to discuss the stability of dynamical systems. However, this approach requires that the comparison system satisfies a quasimonotone property which is too restrictive for many applications because this property is not a necessary condition for a desired property like stability of the comparison system. To solve this problem, Lakshmikantham However, to the best of our knowledge, there are few results for the φ  -stability of singular difference equations. In this paper, utilizing the framework of the theory of singular difference equations, we give some necessary and sufficient conditions for the φ  -stability of a trivial solution of singular difference equations via cone-valued Lyapunov functions. http://www.advancesindifferenceequations.com/content/2013/1/179
Preliminaries
The following definitions can be found in reference [] .
, where K and K  denote the closure and interior of K , respectively, and ∂K denotes the boundary of K . The order relation on R n induced by the cone K is defined as follows: Let
Definition . The set K * = {φ ∈ R n , (φ, x) ≥ , for all x ∈ K} is said to be an adjoint cone if it satisfies the properties (i)-(v).
and a(r) is strictly monotone increasing function in r.
Consider the following SDEs:
where A n , B n ∈ R m×m and f n : R m → R m are given. Throughout this paper, we assume that the matrices A n are singular, and the corresponding linear homogeneous equations
are of index- [-], i.e., the following hypotheses hold. 
Let us associate SDEs (.) with the initial condition
where γ is an arbitrary vector in R m and n  is a fixed nonnegative integer.
Theorem . [] Let f n (x) be a Lipschitz continuous function with a sufficiently small Lip
where
Then IVP (.), (.) has a unique solution.
The trivial solution of (.) is said to be A-stable (P-stable) if for each >  and any n  ≥ , there exists a δ = δ( , n  ) ∈ (, ] such that
Definition . The trivial solution of (.) is said to be
in the second variable, we define
where x n is any solution of system (.). 
Conversely, suppose that the trivial solution of (.) is A-uniformly φ  -stable, i.e., for each positive , there exists a δ = δ( ) ∈ (, ] such that if x n is any solution of (.) which satisfies the inequality (φ  , 
the proof of Lemma . is complete.
Similar to the proof of Lemma ., we have the following.
Lemma . The trivial solution of SDEs (.) is A-φ  -stable (P-φ  -stable) if and only if
there exist functions ψ n ∈ K such that for any solution x n of (.), each nonnegative integer n  and some φ  ∈ K *  , the following inequality holds:
is locally Lipschitzian in r relative to K , and for each (n, r)
Then the trivial solution of SDEs (.) is A-φ  -stable.
Proof Since V (n, ) =  and V (n, r) is continuous in r, then given a  ( ) > , a  ∈ K, there exists δ  such that
It follows that
where φ  δ  = δ, φ  a  ( ) = a( ), a ∈ K. Let x n be any solution of (.) such that (φ  , A n  - γ ) < δ. Then by (i), V is nonincreasing and so
i.e.,
Then the trivial solution of (.) is A-φ  -stable. The proof of Theorem . is complete.
Theorem . Let the hypotheses of Theorem . be satisfied, except the condition V (n,
A n- x n ) ≤  being replaced by (iv) (φ  , V (n, A n- x n )) ≤ -c[(φ  , V (n, A n- x n ))], c ∈ K.
Then the trivial solution of SDEs (.) is A-asymptotically φ  -stable.
Proof By Theorem ., the trivial solution of (.) is A-φ  -stable. By (iv), V (n, A n- x n ) is a monotone decreasing function, thus the limit
exists. We prove that V * = . Suppose V * = , then c(V * ) = , c ∈ K. Since c(r) is a monotone increasing function, then
and so from (iv), we get
Thus as n → ∞ and for some φ  ∈ K *  , we have (φ  , V (n, A n- x n )) → -∞. This contradicts the condition (iii). It follows that V * = . Thus
and so with (iii)
Thus for given > , n  ∈ R + , there exist δ = δ(n  ) and N = N(n  , ) such that
Then the trivial solution of (.) is A-asymptotically φ  -stable. The proof of Theorem . is complete.
Theorem . The trivial solution of SDEs (.) is P-φ  -stable if and only if there exist functions ψ n ∈ K and a Lyapunov function V
Proof Necessity. Suppose that the trivial solution of (.) is P-φ  -stable, then, according to Lemma ., there exist functions ψ n ∈ K (n ≥ ) such that for any solution x n of (.) and for some φ  ∈ K *  ,
Define the Lyapunov function
where x n+k := x n+k (n; γ ) is the unique solution of (.) satisfying the initial condition
, which implies http://www.advancesindifferenceequations.com/content/2013/1/179 V (n, ) =  and the continuity of function V in the second variable at γ = . For each y ∈ n , we have
where x k (n; P n- y) denotes the solution of (.) satisfying the initial condition P n- x n (n; P n- y) = P n- (P n- y) = P n- y. Since x n , y ∈ n , it follows x n (n; P n- y) = y, hence, for some
Further, the inequality (.) gives
On the other hand, for an arbitrary solution y n of (.), by the unique solvability of the initial value problem (.) and (.), we have hence V (n, P n- y n ) ≤ . The necessity part is proved. Sufficiency. Assuming that the trivial solution of (.) is not P-φ  -stable, i.e., there exist a positive  and a nonnegative integer n  such that for all δ ∈ (,  ] and for some φ  ∈ K *  , there exists a solution of (.) satisfying the inequalities (φ  , P n  - x n  ) < δ and (φ  , x n  ) ≥  for some n  ≥ n  .
Since V (n  , ) =  and V (n  , γ ) is continuous at γ = , there exists a
for some n  ≥ n  . On the other hand, using the properties (iii) of the function V , we find
which leads to a contradiction. The proof of Theorem . is complete.
Theorem . The trivial solution of SDEs (.) is P-uniformly φ  -stable if and only if there exist functions a, b ∈ K and a Lyapunov function V
Proof The proof of the necessity part is similar to the corresponding part of Theorem .. For > , let δ = b - [a( )] independent of n  for a, b ∈ K, and x n be any solution of (.) such that (φ  , P n  - x n  ) < δ. Then by (ii), V is nonincreasing and so
Then the trivial solution of (.) is P-uniformly φ  -stable. The proof of Theorem . is complete.
Example
Consider SDEs (.) with the following data: T : x  = x  (n + )(n + )
, n ≥ .
Let V (n, γ ) :=  x , we get for each x ∈ n ,
Further, V (n, P n- x) =  P n- x = |x  |. Thus, for some φ  ∈ K *  ,
where a, b ∈ K and a(r) = r, b(r) = r. Suppose that x n is a solution of (.) and putting u n = P n- x n = Px n , v n = Q n- x n = Qx n , then we have V (n, P n- x n ) = V (n + , P n x n+ ) -V (n, P n- x) =  Px n+ -Px n =  u n+ -u n .
Using According to Theorem ., the trivial solution of (.) is P-uniformly φ  -stable.
